Recent years have seen increased demand from institutional investors for passive replication products that track the performance of hedge fund strategies. We find that, in practice, linear replication methods routinely suffer from poor tracking performance and high turnover. To address these concerns, we propose a model combination approach to index replication that pools information from a diverse set of pre-specified factor models. Compared to existing approaches, the pooled clone strategies yield consistently lower tracking errors, generate less severe portfolio drawdowns, and require substantially smaller trading volume. The pooled hedge fund clones also provide economic benefits in a portfolio allocation context.
Introduction
In recent years there has been a growing interest in alternative assets, including hedge funds, on the part of institutional investors. Some of the characteristic features of hedge funds, however, including the lack of transparency, illiquidity, high leverage, and the typical 2 plus 20 incentive fee structure, are not very appealing from the perspective of such investors. For example, in an effort to reduce complexity and costs in its investment program, the California Public Employees' Retirement System (CALPERS) recently decided to shed its entire $4 billion investment in 24 hedge funds and six hedge funds-of-funds. 1
As a result there is a robust demand for hedge fund replication strategies that seek to "clone" hedge-fund-like returns by investing in liquid instruments such as futures contracts. A popular approach to hedge fund replication involves estimating a target fund's factor exposures via Sharpe's (1992) asset-class factor model framework (e.g., Hasanhodzic and Lo (2007) ) and using the estimated coefficients to determine clone portfolio weights. Briefly, the factor-based replication strategy relies on estimating long/short positions in a set of pre-specified asset-class indices with a view to minimizing the tracking error of the clone strategy. This conventional approach to replication thus involves the identification of a "best fit" factor model.
Although this framework is intuitively appealing, the existing literature has identified several practical problems with the implementation of linear factor clones. First, given the inherent flexibility of hedge funds in terms of asset-class exposure and choice of markets in which to operate, it is difficult to identify an appropriate set of factors to include in the replication model. Parsimony is also a first-order concern, as models with a large number of factors often suffer from estimation error, overfitting, and poor out-of-sample performance. Second, to capture any dynamics in the underlying hedge fund investment strategies, factor clones are typically estimated using a rolling window of prior fund returns with investment positions updated on a monthly basis. The resulting coefficient estimates often suggest a high level of portfolio turnover, making cloning costly to implement in practice. Third, the existing literature (e.g., Hasanhodzic and Lo (2007) , Amenc, Martellini, Meyfredi, and Ziemann (2010) , and Bollen and Fisher (2013) ) largely finds that factorbased replication products for individual hedge funds and hedge fund indexes tend to underperform 1 In explaining the decision to end the hedge fund program, known as the Absolute Return Strategies (ARS) program, Ted Eliopoulos, CalPERS Interim Chief Investment Officer, stated, "Hedge funds are certainly a viable strategy for some, but at the end of the day, when judged against their complexity, cost, and the lack of ability to scale at CalPERS' size, the ARS program is no longer warranted."
(source: http://www.calpers.ca.gov/index.jsp?bc=/about/newsroom/news/eliminate-hedge-fund.xml) their target portfolios.
Motivated by these concerns, we propose a novel replication approach that relies on combining or pooling a set of diverse factor models to clone hedge fund index returns. The optimal combination of factor models is determined via a decision-theoretic framework. This method employs the log score criterion, which has a long history as a decision tool. 2 Our application is motivated by the notion that, given data limitations and the flexibility of hedge funds' strategies, there is no single "best fit" model that fully characterizes index returns. We argue that a more reasonable way to proceed is to start with a pre-specified set of potential factor models for a given index. While each of the individual models is likely to generate errors in index replication, an optimal combination of these models helps to diversify individual tracking errors and leads to better out-of-sample performance.
We specifically propose clone strategies for hedge fund index returns based on an optimal combination of factor models, each representing a distinct asset class. To capture the wide range of potential investment strategies in the hedge fund universe, we consider factor models that span five asset classes: domestic equity, international equity, domestic fixed income, international fixed income, and commodities including precious metals. The weights assigned to the five individual models are based on the log score criterion, which assesses the performance of various convex combinations of the individual models in replicating index returns. Conceptually, the model combination approach is designed to deliver a replication strategy that best tracks the return distribution of the target portfolio. The key innovations are the pooling of information across models and a focus on replicating the entire target return distribution rather than simply matching certain moments, as is the conventional practice. As we discuss below, these features result in significantly improved ability to replicate index returns compared to alternative techniques.
In our empirical tests, we compare the performance of our model combination approach to several existing alternatives in replicating ten Dow Jones Credit Suisse hedge fund indexes over the period January 1994 to October 2014. The competing replication methods are based on linear models either with a pre-specified set of factors or factors selected for each index via a stepwise regression algorithm. These models rely on in-sample fit to estimate passive clone investment positions in the tradable factor portfolios. In contrast, our model combination method bases model weights and, ultimately, investment recommendations on replication performance over a pseudo out-of-sample period. This approach allows us to incorporate a wide range of potential factors in the clone estimation while simultaneously guarding against overfitting based on in-sample performance.
Our proposed replication method offers significant improvements in statistical and economic terms over the conventional, factor-based alternatives. We first show that the model combination clones are able to better track their target indexes compared to the "single-model" replication approaches. Specifically, the pooled replication strategies have lower out-of-sample replication errors and higher correlations with the realized returns of their targets compared to alternative methods. These results are generally consistent across the ten Credit Suisse index styles. An analysis of the cumulative sum of squared (replication) errors reveals that whereas the model combination clones offer consistently superior performance during the sample period, the advantages are particularly pronounced during the 2008 global financial crisis and other periods of economic turmoil.
We next consider the out-of-sample returns earned by our pooled clones and the competing replication strategies relative to their target indexes. We find that all of the cloning methods considered lead to inferior performance when compared to the underlying hedge fund indexes over our sample period. These results are broadly consistent with managerial ability in the hedge fund industry which is difficult to match through passive, rules-based investment approaches. We further demonstrate, however, that the performance differences between target and clone portfolios are much less pronounced in recent years, suggesting an increasing attractiveness for clones as alternatives to direct hedge fund investments.
We examine the practical implementation details of the replication approaches in terms of required leverage and portfolio turnover. We find that pooled clones require reliably less trading activity when compared to the alternatives. The net portfolio leverage needed to construct the pooled clone strategies also tends to be economically reasonable and relatively more stable over time.
A natural question is whether a hedge fund clone constructed using the model combination approach would be a valuable addition to the optimal asset mix of a typical institutional investor, e.g., a large university endowment.
To address this question we analyze the ex-post mean-variance optimal asset allocations for such investors during the period January 1998 to October 2014. We find that in general, the implied optimal allocation to the hedge fund clone is often quite substantial. Furthermore, the utility costs of not being able to invest in the clone, expressed in terms of annualized certainty equivalent rates (CER) of return, tend to be large. This evidence suggests that hedge fund clones can play an economically significant role in the portfolios of large institutional investors.
Overall, our findings suggest that model combination methods can mitigate many of the practical problems with traditional replication products. In particular, pooled clones lead to superior out-of-sample tracking performance relative to existing factor-based methods. These improvements can be attributed to two important differences between the pooled and single-model clones. First, individual models suffer from both specification error in identifying an appropriate set of factors and estimation error in reliably determining an index's exposure to the factors. These problems are further compounded by the fact that factor models have difficulties capturing any nonlinearities inherent in hedge fund returns. 3 The model combination clones directly alleviate these issues by diversifying replication errors across models. Second, the model pooling method emphasizes replication performance over a pseudo out-of-sample period in determining optimal model weights and investment positions. This framework thus helps to guard against problems with spurious in-sample results and poor tracking performance that can plague single-model clones.
The paper is organized as follows. Section 2 describes the data on index and factor returns.
Section 3 outlines the replication procedures for our model combination approach and the competing methods. Section 4 examines the properties of pooled clones, compares their out-of-sample replication performance to that of the other clone portfolios, and demonstrates the economic value of including hedge fund clones in an asset allocation context. Section 5 concludes.
Data
The objective of this paper is to demonstrate the advantages of following a model combination approach to constructing clones for hedge fund index portfolios. Linear cloning strategies in general are designed to mimic the out-of-sample properties of a target index by investing in a set of factor portfolios according to estimated co-movement between the index and factors during a prior insample period. Section 2.1 discusses the index return data used in our empirical tests, and Section 3 Nonlinearities in hedge fund returns can arise from dynamics in factor exposures caused by, for example, highfrequency trading. Alternatively funds can realize nonlinearities in their return distributions by taking positions in securities with option-like payoffs. Mitchell and Pulvino (2001) and Jurek and Stafford (2014) , for example, provide evidence that returns for hedge fund indexes resemble equity index put writing strategies. Fung and Hsieh (2001) and Agarwal and Naik (2004) also construct nonlinear factors that are widely used in the literature on benchmarking hedge fund performance. Most replication approaches do not directly include these types of factors given concerns over liquidity.
2.2 describes the factors used to build our clone strategies.
Hedge fund index returns
We collect monthly returns data for ten Dow Jones Credit Suisse indexes over the period January 1994 to October 2014. 4 In our empirical results, we evaluate the performance of the various cloning strategies in replicating the returns of the broad Credit Suisse Hedge Fund Index and individual indexes for the following nine categories: convertible arbitrage, dedicated short bias, emerging markets, equity market neutral, event driven, fixed income arbitrage, global macro, long/short equity, and managed futures. These indexes are constructed from the Credit Suisse Hedge Fund Database, which currently covers approximately 9,000 individual funds. Each index is asset weighted, rebalanced monthly, and reflects the net-of-fee performance of the underlying funds. Constituent funds are also required to have a minimum of $50 million in assets under management, a 12-month history of prior performance, and audited financial statements. For many of our applications, we convert the index returns to excess returns by subtracting the monthly riskfree rate. We obtain data on the risk-free rate from Kenneth French's website. 5 Table I reports summary statistics for the excess returns for each of the ten hedge fund indexes.
The broad Credit Suisse Hedge Fund Index earns an average excess return of 0.48% per month with a standard deviation of only 2.06% over the full sample period. This index also has a correlation coefficient of 0.59 with the Russell 1000 Index, suggesting a reasonably high level of common variation between hedge funds and large-cap U.S. stocks. There are considerable differences in performance across the remaining nine hedge fund categories. For example, the Dedicated Short Bias Index earns the lowest average excess return of −0.60% per month with the highest standard deviation at 4.71%. As expected, however, the correlation between short bias funds and large-cap equities is strongly negative (correlation coefficient of −0.79). The Global Macro Index has the highest average excess return at 0.68% per month. Most of the indexes exhibit excess kurtosis, and several show meaningful correlation with the Russell 1000 Index.
Overall, the variation in index performance seen in Table I as well as in the strategies of the constituent hedge funds should provide us with a rich environment to examine the relative performance of the replication methods outlined in Section 3.
Factor returns
In building clones for each of the Credit Suisse indexes, we start with a diverse set of 14 factors and attempt to construct portfolios of these factors that closely match the historical returns of the given target. Given that hedge fund managers have considerable flexibility in terms of trading strategies, asset class exposure, and the choice of markets in which to operate, we specify a wide range of candidate factors to capture common risk exposures across the hedge fund sector. Following Hasanhodzic and Lo (2007) , the factors are returns for index portfolios. 6 It is also important to note that cloning often requires short positions in the underlying factors, considerable portfolio turnover, and, in practical applications, some consideration of scalability. As such, we select a set of factors with returns that could be realized via liquid investments in securities such as futures contracts or exchange traded funds (ETFs).
We organize the factors according to the following five broadly defined categories: domestic equity, international equity, domestic fixed income, international fixed income, and commodities.
We obtain the time series of returns for each factor from Bloomberg unless otherwise noted. For the majority of our cloning applications, we convert all factor returns to excess returns by subtracting the risk-free rate. Table II reports summary statistics for the factor excess returns.
The first two domestic equity market factors are the Russell 1000 Index return and the Russell 2000 Index return, designed to capture potential exposure to large-cap and small-cap stocks, respectively. We also include the FTSE NAREIT All Equity REITs Index. As shown in Panel A of Table II, the Russell 1000 Index earns an average excess return of 0.62% per month over the January 1994 to October 2014 sample period. This figure is slightly higher than the excess return of 0.48% earned by the Credit Suisse Hedge Fund Index but also comes with noticeably more volatility (i.e., 4.38% for the large-cap equity factor versus 2.06% for the Hedge Fund Index).
We use two international equity factors. The Morgan Stanley Capital International (MSCI) World ex USA Index and the MSCI Emerging Markets Index account for fund exposure to developed and emerging equity markets, respectively. Panel B of Table II shows that each of these factors has reasonably high correlation with the Russell 1000 Index and slightly underperforms large-cap U.S. Finally, the three commodities factors are summarized in Panel E of Table II . We construct returns from the S&P GSCI Precious Metals Index, the S&P GSCI Grains Index, and the S&P GSCI Crude Oil Index. The crude oil factor earns the highest average return across all factors at 0.92% per month but also has the highest monthly standard deviation at 9.28%.
Replication methods
Our eventual objective is to propose a method for constructing hedge fund clone portfolios that optimally combines investment recommendations from several individual replication models.
Much of the existing literature (e.g., Hasanhodzic and Lo (2007) , Amenc, Gehin, Martellini, and Meyfredi (2008) , Amenc, Martellini, Meyfredi, and Ziemann (2010) , and Bollen and Fisher (2013)) has focused on linear clones constructed from individual factor models. In this setup, a target fund's factor loadings are iteratively estimated over rolling windows, and these estimated coefficients are used as the basis for allocation weights in subsequent periods. 8 Sections 3.1 and 3.2 review these modeling approaches for building linear factor clones. The resulting individual linear models are the building blocks for our model pooling approach, which is subsequently described in Section 3.3.
3.1 Linear factor models: Pre-specified factors For a given index, a linear clone is constructed by estimating a regression model using a time series of prior index and factor returns and applying the resulting coefficient estimates to determine investment positions in the underlying factors. We follow Hasanhodzic and Lo (2007) and update 7 See http://research.stlouisfed.org/fred2/. 8 Amenc, Martellini, Meyfredi, and Ziemann (2010) examine non-linear replication models designed to capture dynamics in fund factor exposures. They estimate conditional models for hedge fund indexes using both Markov regime switching methods and a Kalman filter. They find that these non-linear approaches deliver little, if any, improvement in replication performance over linear clones. Amin and Kat (2003) , Kat and Palaro (2005) , and Kat and Palaro (2006) follow an alternative approach and propose distribution-based replication strategies that attempt to match properties of the historical return distribution of the target index rather than the time series of index returns.
the clone investment positions each month using a rolling 24-month window of data. This empirical design ensures that the resulting clones are not affected by look-ahead bias in estimating risk exposures and also allows the implied investment strategies to change over time. More formally, let r t be the excess return for a given hedge fund index at time t and f k,t be the excess return for factor k. We estimate clone positions at time t via the following regression model:
(1)
As described in Section 2.2, the factors are specified as excess returns. The estimated coefficients,
, can therefore be interpreted as implied weights in the corresponding factors and the associated portfolio positions will sum to zero. The remainder of the replication portfolio can be invested in cash, and the clone return is given by
where R f,t is the risk-free rate.
Note that the intercept term in equation (1) is set equal to zero. This is appropriate in the present context as we are interested in tracking the performance of various hedge fund indexes via a passive investment in the factor portfolios. Any intercept term in the linear regression specification would have a connotation of managerial skill and, by definition, can not be replicated.
For each of the ten Credit Suisse index portfolios, we report replication results for two versions of the linear factor clone specified in equations (1) and (2). For each model in each sample month, we estimate clone weights using the prior 24 months of index returns. We then compare the resulting clone returns to those for the underlying index. The first model is termed the "kitchen sink"
regression model and includes all 14 of the factors listed in Section 2.2. Although this approach allows a given clone portfolio to gain exposure to a wide range of asset classes and risk factors, this model is also likely to suffer from overfitting (i.e., estimating a large number of parameters with a relatively limited sample of data), high turnover, and poor out-of-sample tracking performance.
Our motivation for including the kitchen sink model is primarily to compare its performance with that of the model pooling method which also incorporates the full set of factor returns in modeling index returns.
For the second linear clone, we incorporate a smaller group of five factors designed to closely match the models used by Hasanhodzic and Lo (2007) and Amenc, Martellini, Meyfredi, and Ziemann (2010) . We specifically include excess returns for the Russell 1000 Index, the Bank of America (BofA) Merrill Lynch 7-10 Year U.S. Treasury Index, the BofA Merrill Lynch 7-10 Year BBB U.S.
Corporate Index, the U.S. Dollar Index, and the S&P GSCI Crude Oil Index. 9 This approach limits the potential asset class exposures relative to the kitchen sink model, but the parsimonious specification is likely to yield more reasonable investment strategies and better performance out of sample. This model is also relatively established in the replication literature and offers another natural benchmark for our pooling method.
We refer to the five-factor specification estimated according to equation (1) as the "unconstrained five-factor model." This functional form parallels the setup for the individual clones in our model pooling specification outlined below. We note, however, that Hasanhodzic and Lo (2007) follow a slightly modified approach to building their clone portfolios. Rather than using excess returns for the target and factor portfolios as in equation (1), they use raw returns directly and constrain the regression coefficients to sum to one:
subject to β 1 + · · · + β K = 1. Given that the factors in equation (3) are also raw returns, we can form an initial "in-sample" clone portfolio as
Hasanhodzic and Lo (2007) then propose incorporating a renormalization factor, γ t , such that the in-sample volatilities of the clone portfolio and the underlying index are equal:
The clone return is then given by
where δ t represents the clone investment in the risk-free asset and is set such that the overall weights sum to one:
The renormalization factor, γ t , intuitively reflects the amount of leverage required for the clone investment in the risky factor portfolios during period t. Given the popularity of the Hasanhodzic and Lo (2007) replication approach in the literature, we also present results for this model using the same subset of five factors listed above. We refer to this specification as the "constrained five-factor model."
Linear factor models: Factor selection methods
In practice, the linear five-factor clones should have several advantages over a kitchen sink approach in replicating hedge fund returns. The more parsimonious specification is likely to exhibit superior out-of-sample performance and, in many cases, will generate more stable investment recommendations, resulting in lower portfolio turnover and transactions costs. One obvious drawback is that these models incorporate a limited number of pre-specified factors. As such, these clones may have difficulty reflecting the diverse sets of trading strategies and asset class exposures followed by hedge fund managers. The same set of five component factors is also unlikely to be optimal for each of the ten index strategies considered in this paper.
One approach introduced in the hedge fund literature to tailor factor models to individual funds is to employ a stepwise regression algorithm (e.g., Liang (1999) , Fung and Hsieh (2000) , Agarwal
and Naik (2004), and Bollen and Whaley (2009)). Starting from the initial list of 14 potential factors described in Section 2.2, we estimate stepwise clones as follows. For each index portfolio in each month t, we estimate the model in equation (1) by choosing the optimal subset of factors that best explains the index excess returns in sample over the prior 24 months. We employ a standard stepwise regression process with an entry significance level of 25% and a retaining significance level of 50%. Once the relevant factors and coefficient estimates have been determined, we construct the clone portfolio according to equation (2). Note that for each index, the stepwise model is updated each month so that the identity of the factors and the corresponding clone weights are allowed to change over time.
Stepwise regression techniques are intuitively appealing for allowing a broad set of factors to be included into the clone design for a given index portfolio. As noted by O'Doherty, Savin, and
Tiwari (2014), however, stepwise approaches to hedge fund replication can also be problematic.
Given the relatively short return histories (i.e., 24 months) used to estimate clone weights, only a small subset of the available factors is typically included in the clone strategy for each period.
Moreover, because factors are selected based on in-sample fit, stepwise regression approaches can ultimately lead to poor tracking performance.
Model combination
The problems with existing approaches to hedge fund replication (e.g., pre-specified factor models and stepwise regression models) are thus largely attributed to model specification error, estimation error in factor loadings given relatively short samples of data, and in-sample overfitting.
Many of these issues are further magnified by a desire to incorporate a wide range of potential factors and simultaneously capture any dynamics in index factor exposures over time. We argue that an effective way to mitigate these challenges is to follow a model combination approach.
Our model combination algorithm for hedge fund replication proceeds as follows. We first specify a pool of individual linear clone models, each with a limited number of factors. For our empirical applications, we divide the 14 factors presented in Table II into five separate models, each corresponding to a broad asset class. For example, the three domestic equity factors listed in Panel A are combined to form the "domestic equity three-factor model," the global factors in Panel B form the "international equity two-factor model," and so on. For a given index portfolio, we then estimate clone positions at the beginning of each sample month following equation (1) separately for each of the five models. We subsequently evaluate weighted combinations (pools) of these clone positions across models over a pseudo out-of-sample period to determine a set of model weights that best tracks the underlying hedge fund index. These individual model weights, in combination with the estimated factor loadings for each model, determine the out-of-sample investment recommendation for the pooled clone. The model weights and factor loadings are also allowed to adjust over time to capture any dynamics in the underlying index investment strategy.
Our proposed model pooling method to hedge fund replication has several notable advantages over existing alternatives. First, we are able to incorporate a large number of factors by optimally combining a set of parsimonious linear clones. This framework allows us to capture the exposure of each index to a broad range of markets and asset classes. Second, any pre-specified individual clone will likely lead to some tracking error in capturing index performance out of sample. To the extent that the replication errors are not perfectly correlated across our five constituent models, however, the pooled clone should yield considerable diversification benefits. Finally, because the optimal model weights for our combination approach are based on the pool's ability to replicate index returns over a pseudo out-of-sample period, we implicitly guard against problems arising from spurious in-sample relations.
The optimal pooled clone corresponding to a given index is constructed by combining conditional return densities from the individual constituent models. Section 3.3.1 outlines the estimation of these individual densities, Section 3.3.2 discusses the determination of optimal weights and clone construction, and Section 3.3.3 covers some of the empirical design issues.
Conditional return distributions
The building blocks for the pooled clone portfolios are the individual linear factors models, which are specified in accord with equation (1) using index and factor excess returns
The key distinction between the clone model above and equation (1) is the assumed distribution for the error term. The normal assumption is convenient in the present context for deriving some of the analytical results below. The overall modeling approach is flexible enough, however, to accommodate non-normal and autocorrelated disturbances. We also note that the assumed normal distribution for the error term does not imply that the index returns themselves are normally distributed. For example, we could incorporate non-linearities or fat tails into the model via an appropriate choice of factors (e.g., Fung and Hsieh (2001) , Agarwal and Naik (2004) , and Amenc, Martellini, Meyfredi, and Ziemann (2010)).
To derive the conditional excess return distribution implied by equation (7), it is convenient to rewrite the model in vector notation:
where
] is a 24 × 1 vector of index excess returns, F t−1 is a 24 × K vector of factor excess returns, B = [β 1 . . . β K ] is a K ×1 vector of factor loadings, and E t−1 is a 24×1 vector of disturbance terms. By the earlier assumption on ε t−j , the elements of
For any given index, we use the replication model specified in equation (8) to derive a density for the index excess return in period t conditional on index and factor excess returns through period t − 1 and the contemporaneous factor returns in period t. We specifically follow a Bayesian approach to obtain these conditional densities for index returns. Assuming that an investor has a standard uninformative prior with respect to the index's factor exposures, B,
the posterior distribution of the parameters of interest is given by
, andB is the matrix of maximum likelihood (ML) parameter estimates.
The marginal posterior probability density function for σ 2 has an inverse gamma (IG) distribution, and the conditional posterior for B is multivariate normal. Following Zellner (1971) , the conditional density for the index excess return in period t, r t , is in the form of the univariate Student t distribution:
. .f t−1 }, and the degrees of freedom
For each combination of index portfolio, sample month, and one of the five replication models, we can derive a conditional return density in the form of equation (12) above. Our eventual objective is to then derive an optimal set of index-specific model weights by combining these densities across models and evaluating them at observed index and factor excess returns. We provide the implementation details for construction of the optimal model pools in the following section.
Optimal weights and clone construction
We derive a series of optimal model weights for each index following the model combination methods outlined in Geweke and Amisano (2011) and O'Doherty, Savin, and Tiwari (2014) . 10 Specifically, we rely on the log scoring rule to evaluate linear combinations of the conditional densities implied by the various individual factor models and determine optimal model weights.
Generally speaking, the log score for a given individual model reflects the degree of agreement between the model-implied conditional return distribution and the realized return distribution. A model that suggests a high probability for the return outcome that is subsequently realized receives a relatively high score. Hedge fund return replication is therefore a natural application for the log score approach, as we are ultimately concerned with the ability of a model to characterize returns on an out-of-sample basis.
As we will outline below, the log score method can also be easily applied to evaluate combinations of models rather than individual models in isolation. This approach allows us to incorporate information from several replication models and determine the optimal model weights for replicating each index. Interestingly, the use of the log score rule often results in several of the models in the pool under consideration receiving positive weights, a desirable feature in replication contexts in which the model space likely does not include the "correct" individual model.
In the present context, the log score for a particular replication model A i is computed based on the model-implied conditional densities and the time-series realizations of the index and factor excess returns. Given our 24-month rolling window design for estimating factor loadings (see, e.g., equation (8)) and conditional densities (see, e.g., equation (12)), we can define the log score for a given index at the end of period t = T using conditional densities from t = 25 to t = T as
where the superscript o denotes observed values of the relevant time series. The intuition for using 10 Our framework is related to the forecast combination methodology of Bates and Granger (1969) . Clemen (1989) , Diebold and Lopez (1996) , Newbold and Harvey (2001) , and Timmermann (2006) provide surveys of this literature. Other applications of this approach include the use of combination forecasts for predicting macroeconomic variables (Stock and Watson (2003, 2004) and Guidolin and Timmermann (2009) ) and the equity premium (Rapach, Strauss, and Zhou (2010) ). Whereas much of this earlier work focuses on point forecasts, our model pooling framework emphasizes combining predictive densities.
the log score function to evaluate replication models is straightforward: any model that attaches a high probability to the index returns that eventually materialize, {r o t } T t=25 , achieves a high log score value. This approach is particularly relevant for assessing replication models because it rewards model performance during a pseudo out-of-sample period over in-sample fit. The log score can therefore be directly interpreted as a measure of how well a model tracks the performance of the underlying index conditional on the model's factor realizations.
The log score function can also be used to evaluate combinations of models, and we pursue this application below. In particular, we start from an initial pool of five replication models A 1 , . . . , A 5 for r t conditional onf t . We then apply the log scoring rule to evaluate linear pools of model-implied conditional densities of the form
where w i denotes the weight assigned to model A i in a given pool. The restrictions placed on the model weights guarantee that the linear combination of densities in equation (14) is also a valid density function for all values of the weights and all argument of any individual density. We can then define the log score function for a five-model pool analogously to the single-model case:
where w = [w 1 . . . w 5 ] , w i ≥ 0 for i = 1, . . . , 5 and 5 i=1 w i = 1. We define an optimal pool as one where the weights are chosen to maximize LS T (w) subject to the constraints noted above. The optimal pool thus corresponds to w * T = arg max w LS T (w). It is also important to note that, for a given index portfolio, the optimal set of model weights is allowed to vary over time based on the entire prior history of conditional densities.
Once we have determined the optimal model weights w * T = w * 1,T . . . w *
5,T
for a given hedge fund index at the end of period t = T , the clone return for the optimal pool in the subsequent period is given by
where K i is the number of factors in replication model A i and, as before, the factor loadings for
k=1 are estimated using the prior 24 months of index and factor excess returns.
Thus, the clone investment positions in each factor are determined by both the individual model weights and the estimated index exposures for each replication model.
Empirical design
As outlined above, our pooled clone portfolios are constructed using model weights and individual factor loadings that are allowed to change over time. This empirical design should allow us to capture some of the dynamics in risk exposures for the individual indexes throughout the sample period. Following the prior literature (e.g, Hasanhodzic and Lo (2007) and Amenc, Martellini, Meyfredi, and Ziemann (2010)), we estimate individual model factor loadings and implied conditional densities using a 24-month rolling window of data. 11 As shown in equation (15), the optimal model weights to apply at the beginning of a given period are estimated using the entire prior history of model-implied conditional densities. In our results below, we require a minimum of 24 months of conditional densities to determine the initial set of model weights for each index.
For our sample of index and factor excess returns extending from January 1994 to October 2014, we are able to calculate the first set of realized conditional densities for each index for January 1996 (i.e., using the prior 24 months of data to estimate factor loadings and model-implied densities according to equation (12)). We can then use the 24 months of conditional density realizations over the period January 1996 to December 1997 to compute the first set of model weights for each index via the maximization of the log score objective function in equation (15). These optimal weights are subsequently used to construct clone returns for January 1998. The model weights to be applied in subsequent periods are updated using an expanding window of model conditional densities, and we ultimately have a time series of pooled clone returns for each index covering the period January 1998 to October 2014. We also note that, in all cases, the model weights and factor loadings used to build our clone portfolios following equation (16) are known ex ante, thus avoiding concerns over look-ahead bias.
As discussed previously, the pooled clone portfolios are constructed from a set of five constituent factor models, each defined based on one of the following five asset classes: domestic equity, international equity, domestic fixed income, international fixed income, and commodities. Our objective in this empirical design is to allow for a wide range of potential risk exposures to capture the diverse set of underlying strategies pursued by hedge fund managers. We also attempt to select factors for each model with returns that are realizable via liquid investments such as futures contracts or ETFs. Generally speaking, the exact identity of the models to be included in the pool should depend on the relevant application. Amenc, Martellini, Meyfredi, and Ziemann (2010) , for example, demonstrate substantial benefits in replication from tailoring factor models to each specific index based on an economic analysis. It is also desirable to include models in the pool with sufficient diversity to realize the benefits from model combination methods.
We have chosen to use a common pool of five models for each index largely to mitigate any concerns over data mining. The estimated model weights, of course, will vary considerably across indexes. For a given index, the weight applied to a particular model reflects both the model's replication performance during the pseudo out-of-sample period as well as that model's diversification benefits in the pool. Given our empirical design, the weights also have a natural interpretation as reflecting a given index's exposure to each of the five broadly defined asset classes.
Results
We characterize the performance of the optimal pooled clones in capturing the time-series properties of the underlying indexes over an out-of-sample period. To benchmark our results to the prior literature, we also compare the replication ability of the five-model pool to alternative methods based on pre-specified factors (i.e., the kitchen sink model, the unconstrained five-factor model, and the constrained five-factor model) or factor selection (i.e., the stepwise regression model). As a starting point, Section 4.1 outlines the general properties of the optimal five-model pools. Section 4.2 examines the out-of-sample performance of the various clone models in terms of tracking ability, average returns, and required portfolio turnover. Finally, Section 4.3 demonstrates the economic benefits of including hedge fund clones in the context of an asset allocation exercise. Table III reports summary statistics for the optimal five-model pools for each of the Credit Suisse hedge fund indexes. As described in Section 3.3.3, we estimate model weights in order to replicate each index series starting at the beginning of January 1998. These weights are then updated each month using the entire prior history of conditional densities for index returns. Table   III shows, for each index, the time-series average weight assigned to each of the five constituent models as well as mean and median number of models included in the optimal pool.
Characteristics of optimal pooled clones
The first set of results in the table correspond to the broad Credit Suisse Hedge Fund Index.
None of the individual models appears to dominate the pool, as the largest average weight is assigned to the domestic equity three-factor model at 39%. The international fixed income and international equity models receive average weights of 29% and 27%, respectively. In contrast, the commodity three-factor model is excluded from the optimal pool in all periods. Across the full out-of-sample period, the average number of models included in the pool for the Hedge Fund Index is 2.98, and the median is three.
The averages reported in Table III Further analysis of Table III reveals additional features of the optimal pools. First, a single replication model seems insufficient for describing the majority of the index strategies. Across the ten hedge fund indexes, the median number of models included in the optimal pool is three or higher for eight of the strategies. This result suggests that even strategy-distinct indexes designed to reflect a specific segment of the hedge fund market are exposed to a wide range of asset classes and risk factors. Second, there is some noticeable variation in the number of models needed to characterize the various indexes. The average size of the optimal pool ranges from 1.79 models for the Dedicated Short Bias Index to 4.00 models for the Equity Market Neutral Index.
Third, and perhaps most importantly, the average model weights reported in Table III suggest that the log score approach leads to an economically meaningful characterization of index returns.
That is, the model weights for each index seem to reflect an intuitively reasonable set of underlying asset classes. For example, the pool for the Emerging Markets Index assigns an average weight of 86% to the international equity model, and the pool for the Global Macro Index allocates 62%
weight on average to the international fixed income model. Similarly, the pools for the Dedicated Short Bias and Long/Short Equity Indexes tend to be dominated by the domestic equity threefactor model. The domestic and international fixed income models also have considerable influence in explaining the returns for convertible arbitrage and fixed income arbitrage hedge funds.
The value of the model combination approach to hedge fund replication ultimately depends on the ability of the pooled clones constructed according to equation (16) 
Comparison of model pooling and single-model alternatives
Section 4.2.1 compares the performance of pooled replicators with that of replicators based on either pre-specified factors or stepwise factor selection in tracking index returns out of sample. Section 4.2.2 examines the ability of each cloning strategy to match the level of average index returns, and Section 4.2.3 considers the difference in portfolio turnover across the replication methods.
Tracking
In addition to its usefulness in selecting weights for the optimal model pools, the log score function can be applied to assess the out-of-sample performance of the various replication approaches outlined in Section 3. That is, we can compare the log score values for the optimal pool with the corresponding values for, say, the kitchen sink replication model for each index portfolio. In this case, the log score for the pooled replicator (LS OP T ) is defined using the time-varying, ex ante model weights that are applied in constructing the out-of-sample clone:
Note that, as discussed above, the out-of-sample period for clone evaluation extends from January 1998 (i.e., t = 49) to October 2014 (i.e., t = T ). For each index we also compute log score values for the kitchen sink clone, the unconstrained five-factor clone, and the stepwise regression clone and compare these figures to the log scores for the pooled replicators given by equation (17). For the kitchen sink and unconstrained five-factor replicators, the log score function is based on conditional densities estimated via equation (12) and evaluated at the out-of-sample index return realizations.
The log score for the stepwise clone is also based on equation (12), but the identity of the factors is allowed to change each month based on the stepwise regression algorithm. 12 Table IV reports the log score values for the optimal pool and the three alternative replication strategies for the period January 1998 to October 2014. The relative log score values provide a straightforward indication of the out-of-sample replication performance of each method across the ten indexes. The results suggest that the model combination approach to index replication yields substantial improvements in tracking returns on an out-of-sample basis. For each of the ten Credit Suisse indexes, the log score value for the optimal pool is higher than the corresponding log score achieved by any of the three single-model alternatives. If we remove the model pooling approach from consideration, the highest log score value is achieved by the unconstrained five-factor model in eight cases, the stepwise approach in two cases (i.e., the Emerging Markets and Long/Short Equity Indexes), and the kitchen sink method in zero cases. Given that the kitchen sink model includes the full set of 14 factors, it does not appear that simply incorporating a large number of risk exposures leads to superior replication performance. The tracking ability of the optimal model pool is thus largely driven by its ability to diversify replication errors across the constituent models.
We can also assess the statistical significance of the results in Table IV following the formal statistical approach to comparing log scores from competing models outlined in Giacomini and White (2006) , Amisano and Giacomini (2007) , and O'Doherty, Savin, and Tiwari (2014) . This test is based on a standard difference-in-means approach, using the time-series variability of the difference in monthly log scores for two models to assess statistical significance. 13 Each of the p-values reported in Table IV corresponds to a test of the null hypothesis that the log scores for the optimal pool and the given model are equal against the alternative that the log score for the optimal pool is greater than that for the individual model. The table thus includes results for 30 separate tests. As noted previously, the optimal pooled replicator yields superior tracking performance over the alternative models in all 30 cases. These differences are statistically significant at the 10% (5%) 12 The constrained five-factor clone does not imply a conditional density in the form of equation (12). We therefore omit this model in the log score analysis.
13 See Amisano and Giacomini (2007) for further details on implementation as well as the size and power properties of the test.
level in 23 (21) instances.
Following Amenc, Martellini, Meyfredi, and Ziemann (2010), we further examine the tracking performance of the various clone portfolios using root mean square replication errors and outof-sample correlations between the index and clone strategies. For each index and each of the five replication approaches (i.e., optimal pool, kitchen sink model, constrained five-factor model, unconstrained five-factor model, and stepwise regression), we compute root mean square replication errors as follows:
where R t and R C t are the index and clone returns, respectively. Panel A of Table V reports the results. For the broad Credit Suisse Hedge Fund Index, the optimal pool exhibits the best tracking performance with a root mean square replication error of 1.37% per month over the full January 1998 to October 2014 out-of-sample period. For the remaining four models, the replication errors range from 1.62% per month for the stepwise approach to 2.01% for the constrained five-factor method. The replication errors vary substantially across the remaining nine hedge fund indexes.
For example, the optimal pool yields a root mean square error of only 1.23% for the Fixed Income Arbitrage Index, but the corresponding figure for the Managed Futures Index is 3.44%. More importantly, however, for each index strategy the optimal pool leads to the lowest out-of-sample replication errors among all of the alternative cloning approaches. The results in Figure 3 support the building consensus in the literature that the benefits to model combination approaches tend to be most pronounced during periods of economic stress.
For example, in modeling the cross section of stock returns, O'Doherty, Savin, and Tiwari (2012) show that the improvements from model pooling relative to the best individual models are largely concentrated in periods of recession as defined by the National Bureau of Economic Research. Geweke and Amisano (2014) further argue that the adverse impact of parameter uncertainty on forecasting is systematically greater in volatile economic times, implying larger gains from model pooling during these periods. Table V provides further evidence on the out-of-sample performance of the various replication strategies by reporting correlations between the index and clone portfolios. The results are again favorable for the optimal pool, with this method achieving the highest out-of-sample correlation for seven of the ten indexes.
Panel B of

Average returns
An obvious concern for investors is the extent to which clone strategies produce returns and Sharpe ratios in accord with the underlying indexes. The direct objective of clone construction, however, is not to "outperform" the target portfolio, but to generate a passive investment strategy that tracks the time-series behavior of the target over time. Given the inherent advantages for clone strategies in terms of liquidity, transparency, scalability, and fees, it seems plausible that investors would demand higher returns from the underlying hedge funds constituting a given index. Perhaps more importantly, Bollen and Fisher (2013) note that it is impossible to capture managerial ability in security selection via a passive replication approach. Thus, any observed underperformance for clones relative to the corresponding indexes can be partially attributed to managerial skill.
The existing literature generally suggests that the performance of clones tends to be inferior to that of their hedge fund counterparts. For example, Hasanhodzic and Lo (2007) develop replication strategies for individual hedge funds and find that the clones yield lower returns and Sharpe ratios. Amenc, Gehin, Martellini, and Meyfredi (2008) , Amenc, Martellini, Meyfredi, and Ziemann (2010) , Bollen and Fisher (2013) , and Jurek and Stafford (2014) consider factor-based replication approaches for hedge fund indexes and reach similar conclusions on the underperformance of clones relative to their targets.
Table VI presents average returns, standard deviations, and minimum drawdowns for the ten Credit Suisse indexes and each of the corresponding clones portfolios. For each clone, the table also reports a wealth relative (W C /W I ) comparing the growth of one dollar initial investments in the clone and underlying index over the out-of-sample period. The results are broadly consistent with the prior literature. There are subtle differences in performance across the five clone strategies, but the hedge fund indexes reliably outperform the replication products. For example, the clones for the optimal pool, kitchen sink model, and unconstrained five-factor model deliver lower average returns and wealth relatives below one for nine of the ten hedge fund indexes (the exception is the Dedicated Short Bias Index in each case). The constrained five-factor and stepwise clones each outperform in only two categories. Focusing only on the clone results, none of the strategies appears to deliver reliably superior performance. The highest average return is earned by the constrained five-factor clone in seven cases. Note, however, that this approach consistently leads to investment strategies with higher volatility than the corresponding pooled replicators. Across replication strategies, the pooled clones also generate the least severe portfolio drawdowns in nine out of ten cases.
The underperformance of clone portfolios shown in Table VI should not be interpreted as a failure of hedge fund replication for several reasons. First, as noted by Jurek and Stafford (2014) , the Credit Suisse indexes are not investable and likely produce an upward biased reflection of hedge fund performance due to backfill and survivorship. Malkiel and Saha (2005) , for example, examine the TASS database over the period 1994 to 2003 and find both of these biases to be substantial.
Second, a key motivation for passive replication strategies is to reap the diversification benefits of hedge-fund-like returns without the associated fees and lock-up requirements. Finally, if we view the performance differences between indexes and clones as evidence of managerial skill, we should also note that these abnormal returns may be more difficult to realize as funds become capacity constrained (e.g., Naik, Ramadorai, and Stromqvist (2007) and Getmansky, Liang, Schwarz, and Wermers (2010) ) and the overall industry becomes more competitive. There is, in fact, some evidence that these trends have already started. Figure 4 
Turnover and leverage
In practice, clone investors would also be concerned with the implementation details of the various replication approaches. For example, Bollen and Fisher (2013) find that linear cloning procedures can imply considerable levels of portfolio turnover caused by time-series volatility in the factor loadings estimated via rolling window regressions. Intuitively, turnover tends to be higher with shorter regression windows. There is a tradeoff, however, as longer windows generate more precise estimates of factor loadings but may miss some of the underlying dynamics of the index strategy. We do not present an in-depth analysis of these design issues, but instead focus on the required levels of turnover across the five replication approaches using the 24-month rolling-window regression design.
The results are reported in Figure 5 . For each of the passive replication strategies, we compute monthly turnover as 0.5 times the sum of the absolute values of the change in portfolio weights in each underlying asset. The figure presents annual turnover, which is computed by multiplying the average monthly value by 12. Also recall that the unconstrained five-factor clone and constrained five-factor clone are limited to positions in the five underlying factors plus the risk-free asset. 14 In contrast, the optimal pool, kitchen sink, and stepwise clones can generate non-zero portfolio positions in as many as 15 assets (i.e., the 14 factors in Table II plus the risk-free asset) in any given month.
From Figure 5 , the highest levels of turnover are associated with the kitchen sink clone in all 14 See equations (2) and (6), respectively. ten cases. The required levels of trading are economically large, with turnover ranging from 940% per year for the Fixed Income Arbitrage Index to greater than 3,000% for the Managed Futures Index. The stepwise replication procedure also results in substantial levels of turnover, ranging from 730% to 2,232%. These results are potentially not surprising, as each of these methods attempts to incorporate a large number of factors into the replication process using a relatively short, 24-month estimation window. These empirical designs can lead to considerable instability in prescribed investment positions attributable to estimation error and in-sample overfitting.
Limiting the number of factors can lead to a reduction in clone turnover. Figure 5 show that the unconstrained and constrained five-factor clones require less trading than the kitchen sink and stepwise procedures in all cases. Focusing only on the five-factor clones, the constrained version tends to require slightly less turnover, with values ranging from 184% for the Event Driven Index to 662% for the Managed Futures Index.
More importantly, the optimal pooled clone implies lower turnover than any of the four competing methods for nine of the ten index strategies. The pooled replication approach for the broad Hedge Fund Index has an average annual turnover of 125%, compared to values between 221% and 995% for the four alternatives. These improvements are even more pronounced within several of the strategy-specific indexes. For example, the pooled clone for the Long/Short Equity Index requires portfolio turnover of only 68% per year, whereas the other four models lead to turnover ranging from 251% to 1,205%. These results are surprising given that, like the kitchen sink and stepwise methods, the optimal pool allows for investment in a wide range of factor portfolios. The key difference is that the investment weights for the pooled clone depend not only on estimated factor loadings, but also on the individual model weights determined from an out-of-sample evaluation period. This empirical design leads to more stable investment recommendations and, thus, lower transactions costs.
Another important consideration for replication strategies is the magnitude of leverage implied by the portfolio positions. As noted by Hasanhodzic and Lo (2007) , certain investors may have insufficient credit to support high levels of portfolio leverage. Table VII summarizes the levels of net leverage required by each of the clone portfolios. Consider an investment strategy that combines investments in risky assets with positions in cash (i.e., the risk-free asset). Both the risky assets and cash can be held as long or short positions. Net leverage is simply defined as the difference between the portfolio's long position (i.e., weight) in all risky assets minus the portfolio's short position in risky assets divided by 100%. 15 For the constrained five-factor clone, net leverage in a particular month is simply given by the value of γ t in equation (6). Following equations (2) and (16), the clones for the kitchen sink, unconstrained five-factor, stepwise, and optimal pool strategies are constructed via long positions in cash and long/short investments in the factor portfolios. We aggregate the implied long and short positions in the risky assets each month and compute net leverage for each clone as defined above.
For each clone, Table VII reports the mean, minimum, and maximum net leverage over the January 1998 to October 2014 sample period. The average leverage tends to be similar for the optimal pool, kitchen sink, unconstrained five-factor, and stepwise clones within each target index.
Each of these four approaches routinely requires levels of net leverage below one. Leverage levels for the constrained five-factor clones tend to be higher on average. The optimal pool and the five-factor clones also show relatively less volatility in net leverage over time, suggesting that these approaches require comparatively less extreme investment positions and would be much more practical to implement.
Economic benefits of hedge fund clones
The use of a hedge fund clone developed according to the replication method described in this paper is most likely to be of interest to large institutional investors. In this section, we assess the economic benefits of adding the optimal pooled clone for the broad Hedge Fund Index to a standard institutional portfolio similar to one managed by a large university endowment. As a starting point, we obtain aggregate data on university endowment allocations from the National Association of College and University Business Officers (NACUBO). We then consider the mean-variance optimal portfolio allocation for investors assuming that several traditional asset classes as well as the hedge fund clone are available for investment. Specifically, the assets available for investment include the Investors' expected utility is defined over the expected return, E(r p ), and variance, σ 2 p , of their portfolio:
where λ represents the investors' degree of relative risk aversion. We consider investors with low, moderate, and high degrees of risk aversion, corresponding to relative risk aversion (λ) values of 2, 5, and 10, respectively. The ex-post utility maximizing portfolio allocations are determined using data on the various asset classes for the period January 1998 to October 2014.
Panels A and B of Table VIII show the constrained ex-post optimal risky portfolio compositions.
Panel A of the table reports the optimal asset allocation when the weights are constrained to be approximately consistent with the empirically observed weights based on the NACUBO data for endowments in excess of one billion dollars. 16 The restrictions are in the form of upper bounds on the weights for the following asset classes: U.S. stocks (RIY + RT Y ≤ 15%), U.S. bonds (T B + CB ≤ 10%), and emerging market stocks (M XEF ≤ 10%). All other asset classes are capped at a maximum of 50%. Furthermore, short positions are ruled out. We also report the optimal allocations for cases in which the hedge fund clone is unavailable for investment. As may be seen from Panel A of Table VIII, Table VIII shows that for investors with moderate risk aversion, the implied allocation to the hedge fund clone is modest (5.41%). On the other hand, for investors with high risk aversion the allocation to the hedge fund clone (36.96%)
continues to be substantial. The corresponding utility loss from excluding the hedge fund clone in the optimal asset mix is nearly 1 percent per year.
In summary, the evidence presented in this section shows that the hedge fund clone can play an economically significant role in the portfolio of a large institutional investor.
Conclusion
Demand for hedge fund replication products is likely to see continued growth as investors seek alternative investments that provide the benefits of hedge fund strategies, while avoiding their opacity, illiquidity, and fee structures. In this paper, we propose a novel method for clone construction and evaluation based on pooling or combining several factor models. The motivation for our approach is straightforward. In characterizing hedge fund returns, model specification and estimation errors are likely to be significant concerns given data limitations, the flexibility offered to fund managers, and potential dynamics in their underlying investment strategies. Given this economic environment, combining information from a pool of linear factor models helps to diversify replication errors across models and leads to better out-of-sample performance.
We demonstrate that our pooled clone strategies have superior tracking ability when compared to their single-model counterparts and consistently require less turnover to implement. Although all of the replication products considered tend to underperfrom their target indexes over the 1998 to 2014 sample period, we also present evidence that these performance gaps have narrowed in recent years. These results speak to the attractiveness of pooled replication strategies as additions to investment portfolios. We also note that the pooling approach outlined in this paper has potentially valuable applications in hedging systematic risk inherent in fund strategies and benchmarking managerial performance (e.g., O'Doherty, Savin, and Tiwari (2014) ). The table reports summary statistics for the optimal five-model pool corresponding to each of the Credit Suisse hedge fund indexes. The following five models are considered for each pool and are identified based on their associated factors: the domestic equity three-factor model, the international equity two-factor model, the domestic fixed income three-factor model, the international fixed income three-factor model, and the commodity threefactor model. For a given index-month, the log score and optimal weights are computed from conditional densities based on the maximization of the log score objective function using the entire prior history of index returns. The conditional densities for a given month are based on the prior two years of index and factor returns. For each hedge fund index, the table shows the time-series average weight assigned to each model, as well as the mean and median number of models assigned a positive weight in the optimal pool. For each Credit Suisse hedge fund index, the table compares log scores for the replication strategies based on the optimal five-model pool, the kitchen sink regression model, the unconstrained (UC) five-factor regression model, and the stepwise regression model. Each of the approaches to constructing conditional densities for the hedge fund indexes is described in the text. For each of the optimal pools, the log score value in a given month is based on ex ante weights computed using the entire prior history of index conditional densities. For each strategy and each index portfolio, the table reports the cumulative log score value (Log score) over the full January 1998 to October 2014 sample period. For each of the alternative replication approaches to the optimal model pool, the table also reports a p-value corresponding to the test of the null hypothesis that the log score for the optimal pool is equal to the log score for the given model against the alternative that the log score for the optimal pool is greater than the log score for the given model. The table compares the performance of each of the Credit Suisse hedge fund indexes to several corresponding out-of-sample replication strategies. The replication strategies are based on the optimal five-model pool, the kitchen sink regression model, the unconstrained (UC) five-factor regression model, the constrained (C) five-factor model, and the stepwise regression model. Each of these approaches to building clones for the hedge fund indexes is described in the text. For each index portfolio and each cloning strategy, the table reports the average monthly return (µ), standard deviation (σ), and minimum portfolio drawdown (DD) over the out-of-sample period, January 1998 to October 2014. The figures in parentheses are p-values for tests that the mean return for a given clone and the corresponding index are equal. For each clone portfolio, the table also reports a wealth relative (W C /W I ) comparing the growth of a $1 initial investment in the clone portfolio to the growth of a $1 initial investment in the corresponding index over the out-of-sample period. For each Credit Suisse hedge fund index, the table summarizes the implied net leverage over the out-of sample period (January 1998 to October 2014) for each of the following index replication strategies: the optimal five-model pool, the kitchen sink regression model, the unconstrained (UC) five-factor regression model, the constrained (C) five-factor model, and the stepwise regression model. For a portfolio that invests in risky assets and cash, net leverage is defined as the difference between the weights in the long and short positions in the risky assets divided by 100%. Each of the approaches to building clones for the hedge fund indexes is described in the text. For each index portfolio and each cloning strategy, the table shows the average net leverage, as well as the minimum and maximum leverage across all sample months. The table reports the ex-post optimal portfolio allocations and the corresponding certainty equivalent rates of return (CER) in percentage per year for mean-variance optimizing investors during the period January 1998 to October 2014. Investors' expected utility is defined over the expected return, E(R p ), and variance, σ The figure shows the time-series of model weights in the optimal five-model pool for the broad Credit Suisse Hedge Fund Index. The following five models are considered for the pool and are identified based on their associated factors: the domestic equity three-factor model, the international equity two-factor model, the domestic fixed income three-factor model, the international fixed income three-factor model, and the commodity three-factor model. For a given month, the log score and optimal weights are computed from conditional densities based on the maximization of the log score objective function using the entire prior history of index returns. The conditional densities for a given month are based on the prior two years of index and factor returns. The out-of-sample period is January 1998 to October 2014. The three-factor commodity model is assigned a weight of zero throughout the period shown in the plot. The following five models are considered for the pool and are identified based on their associated factors: the domestic equity three-factor model, the international equity two-factor model, the domestic fixed income three-factor model, the international fixed income three-factor model, and the commodity three-factor model. For a given month, the optimal weights are computed from conditional densities based on the maximization of the log score objective function using the entire prior history of index returns. The conditional densities for a given month are based on the prior two years of index and factor returns. The out-of-sample period is January 1998 to October 2014. The figures shows the difference in cumulative sum of squared replication errors for the optimal five-model pool relative to each of the following four alternative replication strategies: the kitchen sink regression model (KS), the unconstrained five-factor regression model (5F (UC)), the constrained five-factor model (5F (C)), and the stepwise regression model (SW). Each of the approaches to building clones for the hedge fund indexes is described in the text. Each panel corresponds to one of the Credit Suisse hedge fund indexes. The out-of-sample period is January 1998 to October 2014. E) . Each of these approaches to building clones for the hedge fund indexes is described in the text. In each panel, the indexes considered are the broad Hedge Fund Index (HF), the Convertible Arbitrage Index (CA), the Dedicated Short Bias Index (DSB), the Emerging Markets Index (EM), the Equity Market Neutral Index (EMN), the Event Driven Index (ED), the Fixed Income Arbitrage Index (FIA), the Global Macro Index (GM), the Long/Short Equity Index (LSE), and the Managed Futures Index (MF).
Figure 5: Comparison of annual turnover
For each of the Credit Suisse hedge fund indexes, the figure shows the average annual portfolio turnover for each of the following replication strategies: the optimal five-model pool, the kitchen sink regression model, the unconstrained (UC) five-factor regression model, the constrained (C) five-factor model, and the stepwise regression model. The indexes considered are the broad Hedge Fund Index (HF), the Convertible Arbitrage Index (CA), the Dedicated Short Bias Index (DSB), the Emerging Markets Index (EM), the Equity Market Neutral Index (EMN), the Event Driven Index (ED), the Fixed Income Arbitrage Index (FIA), the Global Macro Index (GM), the Long/Short Equity Index (LSE), and the Managed Futures Index (MF). Monthly portfolio turnover is computed as 0.5 times the sum of the absolute values of the change in portfolio weights in each underlying asset. The annual turnover figures are computed by multiplying the monthly turnover values by 12. The sample period is January 1998 to October 2014.
